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1 Examples

1.1 Decision Theory
1.1.1 Bayes Rules

Example 1.1 (Bayes rule, admissible, minimax rule under modified squared error loss (P4 Theory Exam
2021)). Suppose Z is a random variable with PMF

po(z)=(1-0)0* 2€{0,1,...}
For 0[0,1). We sih to study the performance of estimators of 8 which will be judged by the risk function

Ep,({0 — T(2)}*)

1. Calculate the Bayes rule. Suppose we have a prior II with nondegenerate support on [0,1). To find
the Bayes rule, we minimize the Bayes risk function wrt the action a.

60— 2
T = argmin By [{a}|Z = z}

1-9
Eo [1%517 = 2]
- qg=—r =
o {ﬁ|Z:z}

We can write these posterior expectations conditional on Z = z by integrating the value against the
PMF.

—0)0%dIl By (9
GZdH En(6%)

3
T = f

‘»—A \‘Q}
s} Bl

Which is a ratio of posterior expectations.

2. Prove T is admisstible if 11 is a fixed prior with nondegenerate support. We know that all unique
Bayes rules are admissible. As shown in part (a), the Bayes rule must satisfy:

EH (92+1 )

Th=—
T "En(6?)

= [En(0°)]Tn — [En(6**")] =0

Thus, when 11 is fized, T11 is a solution in X to the problem aX — b =0 for fivred a,b € R. This is a
linear system of equations with only one solution. Thus, 11 is the unique Bayes rule and therefore is
admissible.

3. Show constant risk: consider the estimator T(z) = 0.51(z = 0) + I(z > 1). Show the risk function
is constant over all € ©. Notice that P(Z = 0) = (1 —0)0° = (1 — 0) therefore P(Z > 1) = 0.

Ep,({0 - T(2)}*)

R(T,0) = —
_ Ep, ({6 — (0.51(z = 0) + 1(z > 1))}?)
= 1—0
_ 07— 20Bp,(051(z = 0) +1(z > 1)) + Ep, (051(z = 0) +1(= > 1))?)
= 1-0
6?7 —0(1—6)—20*4+0.25(1—6)+0
= 1—0

=0.25

Therefore, this particular form of T'(z) ensures that the risk function R is constant over 6.
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4. Exhibit a minimax estimator: the idea is to find a minimaz estimator by finding a prior such that
the Bayes rule developed in part (a) equals the estimator developed in part (c) which has constant risk.

Bayes rule + constant risk implies minimax! Setting our bayes estimator equal to our estimator with
constant risk, we see

]E (9z+1) - -
W =3lz=0)+1(z>1)
(=0 case) Ep(0') =E(©°)- %]I(z =0) ;

(z=1 case) Ep(h*) =E@') -I(z>1)= %

1

This implies that all the moments of En[f] = 5. The only distribution with constant raw moments is
a Bernoulli distribution with p = 1/2. Thus, Ty is minimax!
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Example 1.2 (Bayes, Admisible, Minimax Rules in Poisson-Gamma Model (581 Midterm P3)). Suppose
X ~ Pois(\). Consider the weighted squared error loss for \:

1. Compute Bayes Estimator when 11 = Gamma(\|a,b) with density b*X\*~ 1 exp(—b\)/T'(a). First
calculate the form of the posterior:

AMX x XA x 1T
o Aep(=A)
x!
oc AT Lexp(—(b+ 1)\) = Gamma(z + a,b + 1)

x b\~ exp(—bA)/T'(a)

Next, we find the form of the Bayes Estimator by minimizing the Bayes Tisk function with respect to
the action

af_a (a—)\)2 B B
aa—aaE[A\X—f} =0

1
"TERX=1]

Now, since A ~ Gamma(x+1,b+1), 1/ ~ Inv Gamma(z+a,b+1) which has mean (b+1)/(x+a—1).
Therefore, the bayes rule takes value
1 rT4+a—1

@) = G/ @ra-n) = b+1

2. Prove T'(X) = X is Minimaxz under loss. Note that under the specified loss

R(X,\) =E <<(XA1/2A)) ) =E(x3) =1

Thus, the risk function is constant over \ € (0,00). Our new goal is to construct a sequence of priors
II; such that

lim (D, 1) = sup R(X, 6)
k— o0 A

We derived the Bayes estimator for II ~ I'(a,b) prior to be ””Jg_‘i;l. To prove T'(x) = x is minimazx, we

can choose the prior sequence Il ~T'(a =1+ 1/k,b = 1/k) such that asymptotically, the Bayes rule
Dy, = X which will attain the constant risk value demonstrated above. Thus, X is minimaz.
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1.1.2 Minimax Rules

Example 1.3 (Sample mean is minimax). Consider Xi,..., X, jrlwd N(0,0?) with 0 known. We claim X,
is minimaz. Under squared error loss, letting T : Xq,..., X, — X,

_ 2

R(X,,0) =E[(X, —0)%] = =
n
Consider the prior sequence Iy, := N (0, k). Under this model, the posterior takes the form

Ton/o? 1
0| X ~ N
| (1/k+n/02’1/k+n/02>

Under squared error loss, the Bayes rule is the posterior mean

Thus, supR(D,0) = %2 = klim r(Tn,, ). This implies X,, is minimaz in P, = {N(0,02) : § €
0co ) —©
R, 0% known} by Strategy 3 under Finding Minimax Rules.

r(Tn,, i) — E[(Z, - 0)°] =E =E[(z, - 0)’] =0

We can go further and show that X,, is minimazx with respect to distributions with bounded variance. Consider

Py :={P € Q"; support(Q) C R, Varg(X) < 02)}. Note that for any distribution in Ps, by CLT

- Vi X 2
R(X,.0) = YoreX) _ o
n n
Thus, sup R(D1, P) = sup R(D1, P) implying by Strategy 4 in Finding Minimaz Rules that X,, is minimaz
PePy PEP,
over Ps.
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Example 1.4 (Lower Bounding the Minimax Risk of a density at a point — Le Cam’s Method). Let P(3, L)
be the collection of densities (q > 0, [ q(x)dx = 1) that belong in a Holder class (3, L) meaning the density
is (8 — 1)-times differentiable with derivative ¢'*=1) that satisfies for all x1, xo

[0V (@) = g7 ()| < Ly — o)

If our goal is to estimate the density at a point, p(xg), we can pursue Le Cam’s Method.

1. Propose two candidate distributions with large discrepancy and small KL diveregence. Let ¢ denote the
density of a standard normal RV;

pLiT — 0_1(;5 (m—ac())

g

P2 @ = o+ LA [K(;) _K(—hl-)]

Where for sufficiently small a > 0, K : x — aexp (— ljlxg) I(jz] <1/2).

2. Verify p1,ps € P.

(a) po: Let Hg(x) is the B-the Hermite polynomial.

B
L pi(@) = (-1 Hy(x)o(a)

22 T .
—2°/2 = () and the derivative is continuous,

. . 1 dP . .
Since lmlllinooﬁHg (x)e dx—ﬁpl(x)‘ is bounded uniformly
by a constant. We can make this constant < L by choosing o large enough.

(b) pa: clearly integrates to 1 because of bump term cancellations. In order for ps to be positive, we
need to choose a* such that

0 < pi(x) — LAPK (—f;l—)

1 r—1—=x
8 0
= 0<pi(z) — Lhjaexp | — 5|1 - <1/2
1 4<thnfx0) n
hp
5 1 I h,
= 0<pi(x)— Lhhaexp | — s|I{zo+1—-— <z<ao+1+4+
1-4 <1fhn*wo) 2 2
hn

p1()

VB S S
Lhnexp< 1_4<w}::1w0>2)

To ensure ps is in the Holder class, it is sufficient to show that q is f-times differentiable with
bounded derivatives. We note that the Bump functions K and its 5 derivatives are continuous
functions defined on a compact interval, therefore they obtain their mazima and minima. This
means that the 5-th derivative is upper bounded by a constant, and we can force this constant to
be less than L by choosing o,a > 0 small enough.

= a" < inf
z€el(..
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3. Study KL divergence, using the Taylor expansion log(1 +z) =z — % +

—KL(P,, P,) = /log (p2> prdy
P1
b
_ / log (fﬁump) prdv
P1

i=1

p1dv

1st order term = / bump dv =0

bump®
p1(z)

1
2nd order term = 7/

2

3 e (5) - (

hsmall 1,28 /p’l ()

= clhffﬂl/p*l(hnU—&—xo)

— C2hiﬁ+1

3rd order term = o(h*")

Now the KL-divergence under n-iid draws yields

1
h

K(U)Z—K<U—

—KL(P!', PY) > enh?Pt!

1

n

2

717130 2
hn

y

To get a stable lower bound on the KLD, we require h, = O(nfﬁ).

4. Study Discrepancy:

d(Py, P2) = = (p1(z0) — pa(w0))?

[NoR

1

Ch*

5 (o)~ maGaw) = 20 | K0 - K (-

We have all the pieces we need now. Applying Le Cam’s method, we obtain

inf R(T, P) >
Aubsup (T,P) >

==

3

o+ ...

0)] dv
T — T 2 T
K< b, ) K(

dUu

(hy, small bumps don’t overlap)

d(Py, Py) exp(—KL(Py, Py)) > c- h2P

In order for the KL divergence to have a stable lower bound, we required h, = 0(n7ﬁ).

inf sup R(T,P) < c*n TR

TeT pep

28
Thus a lower bound on the minimax rate is O(n™ 25+1) which is a slightly slower than parametric rate.
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Example 1.5 (Lower bounding minimax risk of smooth regression function — Fano’s Method). Suppose we
observe (X1,Y1),...,(Xn,Ys) Qe 9, where X ~ Ul0,1) and Y|X =z ~ N(fg(x),1) where fg(x) €
F(B,L) a Holder class. Suppose our objective is to estimate fq(x), with performance quantified by the mean

integrated squared error:

L(a,Q") = / la(x) — fol(@)Pdz

We take the following few steps

1. Define candidate function class. Let F1 denote a convex combination of orthonormal basis functions
where the elements of the basis are scaled bump functions:

Fir={az— ;wjfbj(x) cw € {0, 1), 6(x) = LK <on+1> e [8’ hil}

Where for sufficiently small a,

1
K :z — aexp <1—4$L‘2) I(|z| < 1/2)

So Fi is a collection of functions that are sums of m bump functwns centered at — 1 forj=1,....,m,

that are multiplied by 0 or 1, and that do not overlap since m < r=1=h < +1
Recall that Q := {0,1}™ indezxes the collection of functions in Fy. Thus, |Fi| = || = 2™.

2. Study the discrepancy:

AP P) = 5 [1fula) = fo(0)do

Z[w]— — Vj]2/¢j (x)?dx  (Bases orthogonal so cross terms cancel)
J

N | —
I
—

[w; —Vj]2L2h2'8+1/K(u)2du (U-sub)
|

Cc2

<
I
—

Il
DN | =

c L2p2P+1 Z . — 1/]

Hamming dist

2
= csh® 1 H(w,v) <03 = coL >

2

The minimal Hamming distance for two functions in that differ is exactly 1, yielding;

Hind(P Py,) = c3h?*!
J

3. Study the KL divergence. Turns out KL divergence takes the form:

KL(PoP) =5 [ ula) = fla) s

= csnh® T H(w,v)  (By same logic)

h26+1

< csn m  (since H(w,v) < m)
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4. Plug into Fano’s Bound: recall that Q := {0,1}™ indexes the collection of functions in F.

min d(P;, Py) log 2 + max K L(P;, P)
inf sup R(T,P) > i#k 1- i7k
TET pep o 2 log ([€2)
o cgh28+1 _ log2 4+ csnhPtim
-2 log ||
 cgh?Prl . log 2 + c3nh?+1m
N 2 mlog2

For this bound to be informative, h = (’)(n‘l/(25+1)). But this produces a lower bound on the minimax

risk of O(n=1), meaning the problem is as least as difficult as a parametric problem. This suggests that
the bound may not be tight.

5. Tighten the bound using the Varshamouv-Gilbert Lemma. For m > 8, there exista an 2 C § s.t.
Q| > 27/% and m;ién H(w,v) > . If we choose this subset

inf sup R(T,P) >

csh26+1m (1 log2 + cgnhw*lm)

TeT pep 16 % 10g2
~ c3h? i, ) 8 8cgnh28+1
N 16 m log 2

Goal is to choose m as large as possible to provide the tightest bound. If we choose m = L% —1]. We
know that ﬁ <m < % Plugging in the lower bound, we have

inf sup R(T,P) >

csh?P+im (1 8 803nh2'8+1>

TET pep 16 m log 2
28 26+1
> csh 1716h7863nh
32 log 2

To ensure that the negative term above is bounded, we require n = h?/+t! — h = O(n’l/(w“)).

Since the bandwidth is h = O(n~Y 8+ the lower bound on the minimaz risk is O(n=28/(28+1)),
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1.1.3 Admissible Rules

Example 1.6 (Posterior Mean is Admissible in Normal Model). Let X,...,X, i N(0,0%) and 6 ~

N(u,72). We will show that the following estimator is admissible
1/72 - 1/72
T (Xq,..., X, l-——— ]| X, —_—
w: (X0 Xn) = ( 1/72—1—71/02) Jr<1/72—i—n/02 a

By Strategy 1 in finding admissible estimators, we are using squared error loss and the Bayes risk is finite
because all the random quantities are finite. Also, the normal distribution is absolutely continuous wrt the

Lesbegue measure and vice versa. Therefore, Ty is unique Bayes and therefore admissible for (%) €
(0,1).

When (%) =0, T :x — p is admissible because it is a constant estimator that achieves risk 0 when

2
0 = pu. When (1/:2{’_#) =1, turns out the sample mean is admissible, but this requires further proof.

10
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Example 1.7 (Sample mean is Admissible in Normal Model). Let Xi,..., X, i N(0,0?) with 0 known.

We claim that X,, is admissible in the model.
We will show by demonstrating either

(a) R(T,0) > R(X,,0)V0 € R

(b) There exists some 0 for which R(T,0) > R(X,,0)
Consider WLOG o® = 1. Suppose (a) does not hold. We will show that (b) holds. If (a) does not hold, there
exists a 01 s.t. R(T,61) < R(X,,61). By continuity of R, there exists €,§ > 0 s.t. for all§ € (61 — 6,01 +9),

- 1
R(T,0) < R(X,,,0) —e=— —¢

n

Specifying the prior I1 = N(0,72) and the Bayes rule Ty as the posterior mean, we obtain

_ n _ 1
T, 1) — R(X = —X 11(0) — —
’I“( II, ) R( nae) /R(l/T2+TL n,9>d (9) n
2
n _ 1 1 1
= — X, 0]  —— — 92 )dp - =
/(1/72+n > Vorr2 EXP( 272 > n
72 1 1

T 1+nrz 0 n(l+ nr?)
By optimality of the Bayes rule

(T, ) — R(Xn, 0) < r(Ty, D) — R(X,,6)

— M:—iﬁ—iz—n(ljnﬂ)g/[R(Tl,H)—HJFH(dQ)—/[R(Tl,e)—;]_ﬂ(de)

Recall that for 6 € (01— 0,014 0) and R(Ty,0) < + —e implying [R(T1,0) —1/n]~ > €. Then simple bounding
yields

/ [R(Tl,é?)—i] 11(d6) < /9 " [R(Tl,e)—ﬂ 11(d6)

1—5
91-’1—5
< 6/ d1i(9)
91—5
=ell(f —0 <6 <0, +9)
Implying
/ R0 - 2| dne) > ——— L N6 —5<0<6+0)
L n ~ n(l+n72) N ==
Noting that
1 0
\/27TT <_7’I,(1—|—TLT2)+EH(91 —) S 0 S 91 +5)> —/3 2¢d

Thus, choosing Ty s.t. V27T (—m +ell(f; —6 <6 <6, + 5)) > €0 we obtain
0

1+ 1 )
R(T1,0)——| dlI0) < |—————5 4+ €ll(61 —0<0<0,+6) | >—— >0
J o= 2] mo < (L v o s <o <o 0) >
Thus, ther ezists 0 for which R(T,0) > R(X,,0) implying condition (b) holds. Thus, the sample mean is
admissible.

11
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Example 1.8 (Sample mean is inadmissible in d > 3). Suppose X1, ..., X, ~ N(0,14) ford > 3. Let T'%
be the James-Stein estimator:

_ o d=2) \ - s
TS . 4 (1 n||fn|‘2>xn if T, # (0,...,0)
0 if Z,, = (0,...,0)
Under MSE loss, letting T denote the sample mean
R(T73,0) =E[|T75(||X||)X — 0]|>] (T is spherically symmetric est)
=E [T (1X11) - 11X + [X —4][[*]
=E |77 (1X1) - UXIP] + E[IIX - 0] — 2E [{[1 — T7* (|| XI)]X, X — 0)]

K {W} +R(0) = 2(d - 28 | ([ X - 0))

To show the third term in the above display is —2E [||[T79(||X|]) — 1] X||*], we appeal to Stein’s Lemma.
Stein’s Lemma: LettingY ~ N(u,0213) and g1, ..., gq be functions from R — R s.t. forallj =1,...,d

E|32-0i(0)ly=y | < o0. Letting g:y = (91(y), -, 9a(y)), we have

L
E[(g(Y),Y — )] [Za ]

Define g; : z — Hjﬁ Then we see that

E KIIXXPX - 9>} = E[(g(X), X — )]

d
=E Zaig](y) (Stein’s Lemma,)
(& 2X;
_ _ J ;
=E ; X~ X)) (Quotient Rule)
d 2|X|T
) _
LIX (X
(d—2
B .
_|X||2}
Therefore,
d—2)? X
R(T’%,0) =E {(wa) } + R(T,0) — 2(d — 2)E {<|X||2’X0>}
_ [ @d—2)? (d—2)
-2 | |+ R -2 [
(d—2)2]
— R(T,0) —E
.0 -2 [

Therefore, R(T7%,0) < R(T,0) for all 0.

12
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1.2 Hypothesis Testing

Example 1.9 (Power under local alternatives for location family). Suppose X" ~ Py for location family

where (i) Py has density f(x—0), (ii) f is symmetric about 0, (iii) f is positive and continuously differentiable
with finite second moment.

Suppose we wish to test Hy : 0 =0 and Hy : 0 > 0 with the following sign and t-statistics:
1. Sign: S, = 23 I(X; > 0)
2. t-statistic: T, = %Z f—; where &, is the empirical standard deviation.

The estimators are both asymptotically linear:

\/E<Sn—2> WZ( (X; > 0) ;)WN(0,1/4)

\/ﬁTn:ﬁ;?

Let’s show that both estimators are regular. For the sign statistic, u(0) := Py(X > 0)
1(0) = éP(X> ) / fla—0 d:v‘
. o o0 00 =0

[ et
. / fla)da = / Hgﬂ I(z > 0)dPy(x)

/80 CL’ > O dP()( )
= Py(loso)

Recall regularity is equivalent to Py(ggls) = j1(0). Note that @ = 0 under Hy implies S, is regular. Now for
the t-statistic, let (0) :=0/c. We have

/goto dPo /60 dPO

/ ( (z) — o [ f(z )]) dx  (Product rule and add subtract)
_alggo / ( )dx (Pdf integrates to 1)
= lim a[f(a) = f(=a)]

=o' =4(0)

Thus, T, is also reqular.
Knowing S,, and T,, are reqular ALFEs, we know that their corresponding tests

I(/A(25, — 1) > 21 _0)
H(\/ﬁTn > Zlfa)

13
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have power functions under local alternatives take the form for all h:

. l n‘\—)/h)oo — z — T@
() e (- i)
= Pé)—&—h/\/ﬁ(\/ﬁ(zgn - 1) > 21,,1) =1-0 (21,a - 2hf(0 )

)

= P0+h/\/ﬁ(\/ﬁ(Tn) >21q)=1—0 (Zl—a — ho™

Thus, we can compare the relative power of the sign test to the t-test under local alternatives by the ratio of
their two slopes:

1. If2f(0)o > 1, the sign test has greater local power.
2. If 2f(0)o < 1, the t test has greater local power.

This indicates when f(0) is very large relative to the variance o, the sign test is more powerful under local
alternatives asymptotically. For instance, if we consider f to be a density that for small € > 0, places mass
(1 —¢€) on Unif(—1,1) and € mass at N(0,e*), then the sign test will have much greater power.

14
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1.3 Empirical Process Theory
1.3.1 Concentration Inequalities

Example 1.10 (Bivariate U statistic (McDiarmind’s Inequality)). A good use case of McDiarmind’s in-
equality is in the study of the concentration of U-statistics, where g : R? — R and

U:= <Z) B Zg(Xja Xk)

J<k

If g is bounded, say ||g||oc < b, then McDiarmind’s inequality yields for a given coordinate k:

@)= 1= (5) Clates ) - sty
J#k
_(=DE)E) 4

(n)(n—1)
4b

So the bounded differences property holds with parameter c¢; = <> in each coordinate. By McDiarmind’s
Inequality

f%U—EW)zwszprQ;)

15
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Example 1.11 (Gaussian Order Statistics (Lipschitz Transformation of Gaussian)). Let X () denote the
k-th order statistic of a Gaussian random vector. Let Yy, denote the k-th order statistic from an iid ghost
sample from the same Gaussian distribution. Turns out

[ Xk =Yl < [IX = Y2

so each order statistic is 1-Lipschitz. Based on the concentration result for lipschitz transformations of
Gaussian random vectors

52
P[| X ) — E[X(]| = 6] < 2exp <_2)

16
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1.3.2 Establish Uniform LLN and Upper Bounding Empirical Process Terms

Example 1.12 (Establish Uniform LLN in Lipschitz Function Class — Dudley). If F denotes a class of
[0,1] — R-valued Lipschitz functions s.t., |f(z) — f(y)| < Llx —y|.

Let’s first derive the metric entropy (log covering number) of the function class F. Create M = L%J grid
points ©; = (i — 1)e fori=1,..., M on [0,1]. Defining ¢ as

0 ifu<O
du)==<u f0<u<l
1 else

For any binary sequence 3 = {—1,+1}M define a function fs such that

M
foly) = BiLeg (y 6”“”)
=1

consider the interval from y € (0,21). ¢ increases linearly in y — x; the interval with slope £L. Thus, fg(y)
is piecewise linear with slope +L over each pair of gridpoints. For any two functions fg,fﬁ/, there is at
least one interval where the two functions start at the same point and have opposite slopes, implying that
1fs = farlle = 2Le. Thus, {fz,5 € {—1,+1}M} forms a 2Le-packing in the supnorm. By relationships
between covering and packing numbers

2M = |f5| < M(2Le, F, || - loo) < N(Le, F || - [ )

Defining § = €L, and recalling that M = | 1], we have

.

|

<log N(6, 7, - [loo)

Also by plotting {fs,8 € {—1,+1}M}, one can see that the farthest an element of F can be from a given
fs pointwise is Le. Thus, {fz, 3 € {—1,+1}M} is a §-cover for F. The covering number (size of smallest
cover), then:

. L
NOF - ) < sl =€+ 5
Therefore, going back to € > 0 notation

suplog(N (e, F, L2(Q))) = log(N (e, F. || - [loo) = O (L)
Q

€

Recognizing that D = 2L < oo, Dudley’s entropy integral gives:

Blfallz < s | [ Vior N 7 A = -
Q 0

=0(n1?)

N /DO<L) e

Therefore, the entropy integral is satisfied, and the empirical process term is controlled. Also, F is Donsker
since is satisfies the entropy integral.

17
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Example 1.13 (Establish Uniform LLN in Class of Functions Lipschitz in Indexing Parameters — Dudley).
Let F :={gs : B € R?;||B]|2 < 1} be a collection of functions indexed by parameter B where |gg, ()—ggp, (x)| <

L||B1 — B2l
Step 1: Note that the indexing parameter set B = {8 € RP : ||B||2 = 1} is a sphere of radius 1. We previously
proved that the e-covering number of a ball of radius r has the upper bound

2r P
N(evB(Ovr)aH'”LP(P))S ?‘Fl

Step 2: we also know that functions Lipschitz in their indexing parameters also satisfy the following covering
number bound on their function space F

N(E,]:,H ’ H]:) SN(E/L787H ’ ||B)

Step 8: bringing these two together

N, |- |l2) < N(e/L, B0, 1), | - ||2) < (2/2 + 1)

oL L
= log N(¢, F,|| - |lr) < plog (6 + 1) ~ plog <€>

And the Dudley integral is:

2L
L
/ plog ()de
0 €

VP / log(1/5)ds

0

QA

QA

=5 gl

L

3

L\/p
— B|P, - Pll= S BRI =0 (22

Thus, a function that is Lipschitz in its 1-dimensional indexing parameter controls the empirical process
term at a O(n_1/2) rate! However, as the dimension of the indexing parameter increases, we get slower
convergence.

18
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Example 1.14 (Establish Uniform LLN in Sobolev Class). Let F be a collection of functions f : [0,1] = R
such that

1. Uniformly bounded: ||f||loo <1
2. Absolutely continuity of (k — 1)-th derivative
3. [ f®)(2)%dx <1 for some k € N
There exists a constant C such that the log bracketing number wrt the supnorm metric takes form for all

e €[0,1]:

1\
log Ny(e. 71 ) < € ()

Suppose k > 1, then by the bracketing integral bound is finite;

C 1
E||P, — P||r < — log N (e, F, || - |loo)d
1P, = Pllr < J= |\ flog Ny(e. £ [l

C* /1
< Ve k(e
~Vn o

=0(n~1/?)

Thus, we can control the empirical process term at (’)(n‘l/Q) rates. Also since the function class satisfies the
uniform entropy integral, it is Donsker.
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1.4 M/Z Estimation

Example 1.15 (Limiting distributions and Regularity of Mean and Median (581 HW 8 P3)). Let u, and
my, be the sample mean and median respectively. Find the limit distributions of each under Py, and Py, /m

given Py = N(6',1).

We start with the sample mean, p,. By WLLN, the sample mean is consistent and by the central limit
theorem,

V(i — 60) ¢ N(0,1)

Recalling that the normal distribution is QMD and both distributions are mutually contiguous, local asymp-
totic normality holds, the log likelihood ratio affords a taylor expansion, and is asymptotically normal. The
joint distribution between the sample mean and log likelihood ratio is normal with covariance h. Le Cam’s
third lemma says that the distribution of the MLE under sampling from the local alternative is

Py i num Poytrhyym
Vi —00) TN (1) — ﬁ(un— (m\%)) TN (0, 1)

Thus, the MLE is invariance to local perturbations in the parameter, implying that it is a reqular estimator.

We now turn our attention to the sample median. The sample median can be defined as a z-estimator
that solves the estimating equation P,z = 0 where zp(z) = I(z < 0) — 3.

We start by proving consistency. This is a 1-dimensional Z-estimator, where the estimating function is
decreasing in the parameter 6 and has exactly one root. The sample estimating equation converges point wise
to the population estimating equation by WLLN. We also know that for the population median equal to 6
and small € > 0,

Po(H(w < by -I-E) — 05) <0< Po(H(x < by —6) — 05)
Thus, m., L

Now we characterize the asymptotic distribution of the sample median under Py,. Checking the conditions
for asymptotic normality, we know that

1. The estimating function zg is squared differentiable because it is bounded.
2. Pzy is differentiable at 6y:

0 0

1 9 1
J— = — < —_ = = — —_ = =
967 %o0, = 307 (]1(:5 =9 2) ’e:eo 5970 = 3y, = Jo%0)

Recalling the form of the normal density, f,(0o) = \/%

3. {z¢(x) : 0 € R} forms a Donsker class because it is a shifted indicator function, and indicator functions
are VC class.

Under these conditions

n P,
Vin(my, —0g) = Vo' == 3" 29, (X:) + 0p(1) ~2 N (0, Vg Polzg, 2] (VerH)T)

E((I(X < 6p) —0.5)

=N|o0, = N(0,7/2)

2
1
(\/27r
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Lastly, we investigate the distribution of m, under the local alternative. This relies on the applying
Le Cam’s third lemma for asymptotic linear estimators. For an asymptotic linear estimator with influence
function ¢y, the asymptotic distribution under the local alternative is

i — 00) CEST N (Po(a, - D), Pod3,)

Thus, we must evaluate the Po(¢g, - ) to learn the limiting distribution.

I(z<0o) % .

1. Recall the influence function of m., is given by ¢o(z) = W =2r (I(z < 6p) — 1) = V2r (2 —I(z > 6)).

2. Recall the score is given by f(z) = 2 I3 (X —00)? =31 (X —6p).

Writing the inner product of these quantities we obtain by using the mean of a positive-restricted normal.
¢90 / V2 < — H({,C < 90)) ({E — Qo)dpo( )
= / V2w <]I(£K Z 90) — > ({E — OO)dP()(.T)

= / {L‘ - 90 dpo( ) —

=2 V2 \/7

Therefore, the sample median m,, is also a regular estimator

V(i — 80) TSN (b 7/2) = i <mn - (90 + \%)) PN (0,7/2)
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1.5 Calculating Influence Functions
Each of these examples are taken from Chapter 20 in van der Vaart.

Example 1. 16 (Mean functional). Suppose the sample mean (P,) is the plug-in estimator of the mean
functional Y(P) = [ xdP(x). By the von-Mises expansion, the influence function is

V(6 — P) = %/x d[(1 = )P + ed,](x)

—ae / 2dP(z)

Example 1.17 (Wilcoxon Mann-Whitney Statistic). Suppose (X1,Y1),...,(Xn,Yn) are random sample
from a bivariate distribution with empirical distributions F,, and G, for each margin. The Mann- Whitney
Statistic is a plug-in estimator of the functional o = ¢(P,G) = [ FdG:

1 n n
w(Pn,Gn)z/FndGn:nQZZ (X, <Y;)

The influence function of the Mann-Whitney statistic can also be calculated from the von-Mises expansion

e=0

Yp(6y — F, 0, — G) = je/((l —e)F +€0,)d[(1 — €)G + €]

i (1-¢) FdGJr/(l*e)EFd(Ser/e(lfe)(SszJr/e

:F(y)+1—G,(x)—2/FdG

e=0

e=0

Example 1.18 (Z estimators). The Z-estimator (Py) is the solution to the population-based estimating
equation Pyzy(p,) = 0. Differentiating with respect to € across the identity

0= (P+eds)zy(pres,) = Pry(pres,) T €2p(pres,) ()
Assumin the derivatives exist and z,, is continuous, we have that
0= ( 0 Pze> {dw(P—Ftd )] + 2y Py ()
90 o=y(p) LAt =0
Where the expression in parentheses is the influence function and is given by
-1
<§9P29) . zy(p) ()

Example 1.19 (Quantiles). The p-th quantile of distribution function F is (F) = F~1(p). We set F, =
(1 — €)F + €6, and differentiate wrt € the identity

p=FF '(p)= (L= t)F(F 7 (p)) + s (F " (p))
We find that

0= ~F(E ) + 1) | P 0| 40 )
Where the influence function is given by

a4 s o W< FT'(p)—p
[kﬂ(ﬁth“@ B =)

This implies that the sequence of empirical quantiles is asymptotically normal

VI(ETN () = F7Y(t)) ~ N (0,130 [H(x < F'(p) pD _ N (0, fp(1_p)>

fFFE=1(p))
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Example 1.20 (Cramer-von Mises statistic: higher order expansion). The Cramer-von Mises statistic (F},)
estimates the following parameter (F) = [(F — Fy)*dFy for some fized Fyy. The von-Mises expansion yields

Y(F +eH) = /(F +eH — Fy)?dFy = /(F — Fy)?dFy + 2¢ /(F — Fy)HdF, + ¢ / H?dF,
The first derivative of the above form takes the form from F along path H is given by:
%w(F +eH) =2 /(F — Fo)HdF,
Plugging in e = 1/y/n and H = G, = \/n(F — Fy), we have
Y(F) =y (Fo+el) = 2/(F0 — Fy)HdFy =0

Therefore, first order expansion is degenerate. To determine the asymptotic distribution, we must go to the
second order derivative

52

Uy (H) = - 0(F + eH)

=2 / H2dF,
e=0

Which for e = 1/v/n and H = G,, = /n(F — Fy) produces

W (Gr) =2 / G2dF,

The von Mises expansion suggests the following approximation

0
1, 11

@[}(Fn)*qp(F):i s Gn)+§m¢g‘g(6n)+
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1.6 Semiparametric/Nonparametric Inference
1.6.1 Function-valued parameters

Example 1.21 (Uniform confidence bands for CDF). Suppose our goal is to construct confidence bands for
the CDF Fy(t) uniformly over all t € R. We estimate Fy(t) with the class of functions F :={z — I(z <1t):
t € R}. By Donsker’s Theorem and the continuous mapping theorem,

Gy ~ G in £2°(F)
IGnll7 ~ Gl F

Our goal of constructing valid confidence bands is equivalent to finding {Ly(t), U (t)} such that

lim P(Ln(t) < Fo(t) SUn(t)) >1—a VteR

n—o0

We propose the following bounds where ¢ is the (1 — a)-quantile of ||G||#

c c
L) = F,(t) — — U,t) .= F,(t) — —
(1) = Fult) = == Un(t) = Fult) - =
These bounds are asymptotically valid because
hﬁm Py(Ln(t) < Fo(t) < Un(1)) Vi e R
c
:RILII;OPO( c< )—Fn(t))ﬁc) vt e R
= lim Py (\/ﬁ Fo(t)|<c) VteR
n—oo

~ lim By (sup\f (Fa(t) — Fo(0) gc)

= lim P, (sup\/ﬁ(Pn - Py)h| < c)
n—oo feF
Tim Po (IGullx < o)

Py ([|Gll7 < ¢)
=(1-a
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1.6.2 Establishing Asymptotic Linearity

Example 1.22 (Coefficient of Variation is ALE). Let C,, := % be the plug-in estimator for Cy := % Let
h(u,v) = u'/?v=" and let Co := h(03, o), Crn := h(02, ). We know that:

o U%) 1N <(Xi — o)? — U%) ~1/2
n\ _ — _ +

<Mn) (HO n ; (Xi — o) op(n™")
By the Delta Method for ALEs/Influence Functions, we have

n

Cp — Co = h(0?, i) — h(0, o) = %Z <Vh(0(2),,u0)T7 ((Xi(XiME)ZO) 0(2)>> +op(n~1/?)

o < <20i,u0 ’ _Z%)T ((Xi()_(iuf)io_) Ug) > +op(n1/?)

(Xi — po)® —0f  o0(Xi —

21000 13

i

I
S
M=

Ho) +op(n~1?)

\
S

po(Xi — po)® — pooh — 205(X; — po) + Op(n_l/Z)
2udo0

3=
«
Il
-

I
3=

2Xi_ 2 _ 22_2 2Xi_
o) [uo( to)® — M55 — 2005 ( uo)] +op(n=1/2)

=1 QILI%O'%
1& 1/X; — 20X, 1
== Co ( ’“‘°> — =+ | +op(n7'?)
n P 2 ago Ho 2

2
So Cy, is asymptotically linear with influence function ¢p,(z) = Co {; (m) — % + é}
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Example 1.23 (Average Absolute Deviation from Mean is ALE). Suppose we wish to infer about 1 :=
[ Polz — po| for po = [ xdPy(x). Consider the plug-in estimator:

Noting that 1, = Py, fn and VYo = Pyfo for fu(z) = |2 — X,| and fo(x) = |z — po|, we write the following
expansion

Y — b0 = (Pn — Po) fo + Po(fn — fo) + (Pn — Po)(fn — fo)

Where term 1 is linear. The other two terms require further inspection. Let’s study term 2. Letting h(u) :
u— [ |z —u|dPy(z), we have that

n

Po(fn = fo) = h(Xn) = h(po) = B (110)(Xn — pro) + op(n='/%) = % Z W (110)(X; — po) + op(n=/?)

=1

By the delta method. Let Fy(u) := [I(x < u)dPy(x) and Go(u) = [I(z < u)xdPy(x). Then h(u) is given by

h(u) = / & — uldPy(z) = /(u — o)l(z < w)dPy(z) + /(m —w)I(z > u)dPy()
= /(u —2)l(z < w)dPy(x) + /(x —u)(=I(z < u) + 1)dPy(x)

= uFy(u) — Go(u) + / (u — 2)I(x < u)dPy(x) + / (z — u)dPy(x)
= 2uFy(u) — 2Go(u) — u + 1o
= u[2Fp(u) — 1] + [0 — 2Go(u)]
Therefore
B () = 2F(u) — 1 = K (o) = 2Fo (i) — 1

Now we study term 3. Note that |(f, — fo)| = llz — Xp| = |z — pol| < |po — Xn|. Therefore, the total
variational norm of (fn — fo) < 2|po — Xn|. The WLLN says that there will exist a constant K < oo such

that |y — Xn| < K w.p. 1. Thus, the function class is bounded in total variation and is therefore Donsker.
Therefore,

(Po — Po)(fn — fo) = op(n~/?)

The result is that

n

1

Yn — Yo = - Z [1X: — ol — o + [2Fo (o) — 1](Xi — po)] + op(n™/?)
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Example 1.24 (IPW Estimator is ALE). Suppose X = (Y,A, W) with Y the outcome of interest only
observed when A = 1. W are covariates. Suppose we wish to infer about the mean of Y. If the missingness
mechanism only depends on W (MAR), the mean outcome is

Yo = Eo[Eo(Y[A =1,W)]

Let Qo(w) == Eo(Y|A = 1,W = w), go(w) := Po(A = 1|W = w),Qw.o(w) := Po(W < w). We can now

write

wesidoni=a [ [ 35

Case 1: If go is known, this motivates the following plug-in estimator:

LAY
7290 )_Pfo

Which is linear with influence function ¢p,(z) : x — i w) — 1g.

Case 2: If the missingness probability is unknown, but is known to lie in a parametric model {gy : 6 € O}
with go = gp,- Suppose we have an ALE 0, for 0y with influence function pg,. Letting g, := gp, and
fu(z) == %, we can consider the new plug-in estimator

1< AY;
1/% == = Pnfn

To show this estimator is asymptotically linear, examine the erpansion
VYn =0 = (P — o) fo + Po(fn — fo) + (Pn — Po)(fn — fo)

Study term 2. First note that g,(w) — go(w) = %gg (w)‘ (0, — 0) +o0p(n=Y2) by Taylor expansion. Now

Term 2 takes form

1 1
Po(fn — fo) /Qo w, 1)go(w) [g w) go(w)} Qw,o(dw)
/Qo w, 1) ! [gn (w) — go(w)] Qw.o(dw) + op(n~1/?)
go(w)

/QO go(lw) l;g ‘9 8o <n Z@eo )] Qw,o(dw) +op(n~1?)

*ZVO@@O X;) +op(n1/?)

- [ @t | T, 02~ 0)| Quialdw) + on(u?

For o = _fQO w, 1)go(w) 599«9( )‘97 Qw,o(dw).

Term 3 requires that (fn, — fo) falls in a Donsker class with probability approaching 1.
Under this condition v, is asymptotically linear with influence function

P, (2) := &y () + Y06, (Xi)

Thus if 0, is an asymptotically linear (and parametric efficient) estimator of 6y, we can obtain smaller
variance than the Case 1 estimator!
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Example 1.25 (Robust Mean is ALE (P6 Theory Exam 2021)). Let X1,..., X, %Py € M where M s the
nonparametric model with finite second moment and strictly positive density on the nonnegative real numbers.
We wish to estimate 1o = ¥(Fp)

Qp(F)
B(F) = Ep[XI(X < Q4(F))] = / udF (u)

Where Qg(F') is the B-quantile of F. Let o = p(Fp), tn = p(EFyn) and qo = Qp(Fov). Also note that the

Gateauz deriwvative of Qg at F in direction h is given by Qﬁ(F; h) = %.

1. Calculate Gauteaux derivative of . Using the fundamental theorem of calculus and product rule,
the Gauteauz derivative is defined as

d
G(F; ) = S b(F +eh)| _,

d Qp(F+eh) Qp(F+eh)

= — / udF (u) + e/ udh(u)
de | Jo 0

Qp(F+eh) Qp(F+eh)

/ uf(u)du + e/ udh(u)

0 0

. Qp(F+eh) .
= QolF+ QP +e))- Qo(Fih)+ [ udh(u) + ¢ (Qu(F + eh)Qs(Fi1) |

e=0

_4d
T de

e=0

e=0

_ Qp(F+eh) .
= QP+ et) (FQa(F + ) (Frgog )+ [ wdn) - (Qu( + en)s(im)

Qp(F)
_ / udh(u) — Qs(F)h(Qp(F))

e=0

2. Asymptotic Linearity and Influence Function. By the Functional Delta method, we know that
Y, = Y(F,) is asymptotically linear with influence function equal to the Gauteax derivative (under
Hadamard differentiability wrt supremum norm):

V(Fn) = ¥(Fo) = % > G (FoiI(X < 1) = Fy) + op(n™'/?)

i=1

To calculate the influence function, we look to part (a). Recalling go = Qp(Fv):

. Qp(Fo)
GG <) = Fa) = [ w0 <) = Fa)(dn) - Q) [0X: < QalF) = FalQa(F))]
- / (1K <) — Fo)(du) — g0 [1(X < o) — B

q0
= / wd(I(X; <uw)) — o — ql(X; < qo) + Bgo
0

= (z — q0)I(X; < q0) — Yo + Bqo

3. Show that \/n(pn — 1o) where w, is the sample mean. We solve for the variance of X using the law of
total variance with Ay = I(x < qo), A2 = I(x > qo) which partition the outcome space.

Van(X) =3 P(Ai) - Var(X]Ai) + | 3 EIX|A[L = P(A)][P(A:)] | = 2E[X|A1] P(ADE[X| A2]P(45)

= BVar(X|X < qo) + (1= B) Var(X|X > go) + B(1 — B) (B[X|X < qo] — E[X|X > go])
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4. Compare the asymptotic variances of /n(tn—10) to /n(pn, — o) via the asymptotic relative efficiency:
comparing the squares of each of the influence functions:
E ([(93 — )z < q0)]” = 2(x — q0)I(= < g0) (o — Bao) + (o — 5&70)2)
E [z - uol?)
_E ({21(x < q0) — %o — (qol(x < q0) — Bq0)}?)
E (o — o)
_ E ({zI(z < g0) —o}* —2{al(z < q0) —vo}{qol(z < go) — Bg0)} + {a0l(z < g0) — Bg0)}?)
E ([ — mol?)
Var(X|X < qo) — 2¢0q0 + 208490 + 2v08q90 — 290890 + 458 — 2645 + 5°a5
Var(X)
Var(X|X < qo) — 2thoqo(1 — B) + 381 = B)  Var(X|X < qo) — qo(1 — 8)(2¢0 — qoB)
Var(X) B Var(X)

Thus, as long as (21 — qo8) > 0 then we are assured a reduction in variance compared to the sample
mean. This makes sense because the influence function of the trimmed mean is bounded and therefore
is robust to outliers.
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Example 1.26 (Absolute Mean Difference and Gini Index are ALE (Theory Exam 2020 PT7)). Suppose
X.,..., X, Y p e M where M is nonparametric model on (0,00). Let target of inference be §g = A(Pp)
defined as

A(P) =Ep|X; — X5
With X1, Xo independent draw from P.

(a) Show 6, = A(P,,) is asymptotically linear, determine its influence function, and derive its large sample
distribution.

A convenient way of writing the estimand is

)= [ [ 1% = XeldP ()P ()

A natural place to start is the following V statistic

1 n o n
i=1 j=1

Which by linearization argument has an asymptotic distribution that is dominated by
2(P, — Py) / | X — u|dPy(x)
1 n
= Vi—Go=—) 2 (/ |X — u|dPy(z) — 50> +op(n~?)
i

However, the more appropriate estimator, and the estimator that is actually equivalent to 6, = A(Py)
would be the U -statistic

Upn = (Z) iZIXi - X

i=1 i<j
Which by a linearization argument has the same influence function as the V-statistic
dpy(x) =2 (/ |z — u|dPy(u) — 50)

By asymptotic linearity large sample asymptotic distribution of §,, is normal with variance given by the
variance of the influence function

Vi3, = bg) = N (OAE [(/ o) - 50”)
-]

(b) Define the following parameter, the Gini Index

_ Ep|Xy — Xo
W(P) = =

We can show U (P,) is asymptotically linear for Wy by using the delta method for asymptotic linear
estimators. We lay out the following ingredients that will be useful in our calculation

30



Ethan Ashby Theory Exam Example Problems 2022-2023 Academic Year

(a) d1(x) = 2(Eo| X — 2| — A(Ry)) (part (a)

(b) ¢2(z) = (x — po)
OV (P
() OEp|X1— O) Xa| 2;1to
OV (P Ep|X1—Xso
(d) 8;00) == |2ug |

From the delta method for ALEs we have

¢(x) = Fo)), ép,)
- <(2u0 R ) @l —al - AR - )
_ 2(Eo|X —z[ - A())  (z— po)Ep| Xy — Xy
a 240 2413
_ 200 (Bo| X — 2] — A(R)) (2 — po)Bp| Xy — Xo[ _ 2p0 (BolX — 2| — A(R))  (z — o) A(F)
203 203 23 243
_ 2p0 (Eo| X — x]) — (po + 2)A(F)
B 203
_ Eo|X —a] — (po + x)tho
a Ho

(¢) Next, consider the submodel My = {P € M : Ep(X) = po} for some known pg. Derive the tangent
space T, (Po).
The following model just imposes a moment restriction Py(go) = 0 where go(x) = © — po. We can
determine the form of the tangent space by exploring this constraint along a linear submodel of the
form po(x) = [1 4 0h]po(x).

/go[l + 0h] fodz = 0

0
= Eotgol+ 0Eo[goh] = 0

= Eo[(x — uo)h] =0 = Eglzh] =0  (Recalling scores mean-0)

(d) Consider the model Py ~ Exp(1l) with density exp(—z)I(0 < x < 00). Using the fact that Eg| X — x| =
2¢7% 4+ x — 1, determine if the influence function of ¥, is an element of the tangent space of the re-
stricted model Ty, .

Step 1 is to see if ¢po(x) lives in L3(Py). First we write some useful facts
(a) E[X] =1 by properties of Exponential.

(b) E(U(P))=E [E’;‘%&le] = 1 by properties of Exponential.

(c) Eo|X — x| =2e~* + 2 — 1 (given in problem)

Therefore,

E[po(z)] = /O " 9e=Te "y + Fo[X] — 1 — (Eo[X] + 1)E(%y)

= / Exp(2

~—

dz+1—1+ (2)E[W)]
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Step 2 is verify that Elxdo(x)] = 0, which proves that the influence function lives in the tangent space.

Elzgo(x)] = /0OO r2e e dr + Eo[X?] — Eo[X] — (Eo[X?] + Eo[X])E(Tg)

= Eo[Y]dx +1— 1+ (2)E[W]
)

1
=[1-2-=0
12

Thus, ¢o is in the tangent space under the model with the moment restriction: Ty, .
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Example 1.27 (Difference in Conditional Mean estimators are ALE (P5 Theory Exam 2020)). Suppose
there are n iid draws (4;,Y;) from Py where A; = {0,1} and Py(A =1) = 0.5. We wish to contrast

Yo =Ep,(Y[A=1) —Ep,(Y[A =0)
Consider the following two estimators

Z?:l AY; _ Z?:1(1 - A)Y;
Yis A Y- A

l ZAY Z —A)Y;

i=1

’lpln =

1. Show both estimators are unbiased and consistent. We demonstrate both conditions first for 1,. We
focus on the first term and the second holds WLOG:

To prove consistency, we note that WLLN yields + 3" | A;Y; & IE[Y|A = 1], 13" A4, B

implying by the continuous mapping theorem that Zi 11AA§/ LS E[Y|A =1].

1
27
To show sy, is unbiased and consistent

e

Consistency follows from the WLLN and CMT.

= 2E[AY] = 2E[AE[Y|A = 1]] = E[Y]|4 = 1]

2. Derive the large sample distributions of v/n(¥1, — o) and /n(tan — o). Which has the smaller
asymptotic variance?

To solve this question we apply the delta method for ALEs. IN the case of V1, we consider the following

function f(a,b,c,d) = % — 5 and the following estimators with the following influence functions

1 n

ISCAYe br=ay—0SEY|A=1

1 n

=3 A $o=a—0.5

n -
=1

1 n

- (1-4)Y; ¢3=(1-a)y—05E[Y[A=0]
i=1

1 n

— (1—Ai) ¢2:(1—a)—0.5

n

i=1

Applying the delta method for ALFEs yields the influence function for 11,

¢1 = (V (o), dp,)
_ay—05E[Y[A=1] (a—0.5)0.5E[Y]|A = 1]
- 0.5 B 0.25
(1—a)y—05E[Y|A=0] ((1—a)—0.5)0.5E[Y]|A=0]
B 0.5 B 0.25

=2[a(y —E[Y|A=1])] = 2[(1 = a)(y - E(Y[A = 0))]
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To solve for the influence function of v¥q, we’ll note the estimator is linear so it has influence function
b2 =2(ay — 05E[Y]A =1]) —2([(1 — a)y — 0.5E[Y]|A = 0]])

Asymptotic linearity ensures both distributions will be asymptotically normal with variance equal to the
variance of the influence function. Let’s compare the asymptotic variances
Var(¢1) = 4Var(a(y —E[Y|A=1]) — (1 - a)(y — E(Y|A = 0)))
— 4E[A2(Y ~E[Y|A = 1))’ + (1 - A2(Y ~ E(Y]A=0))
=2[Var(Y|A=1) 4 Var(Y|A = 0)]
Var(¢s) = 4Var((ay — 0.5E[Y|A = 1]) — (1 — a)y — 0.5E[Y|A = 0]))
=4E((ay)® + (1 — a)*y?)  (Ignore constants)
=2(E[Y?|A = 1] + E[Y?A = 0])

Note that the variance is upper bounded by the second moments. Therefore Var(iﬁl) < Var(z/zg).

3. We can construct a 95% asymptotic confidence interval for 1y using ¥1y,.

pRICE A)Y)

(v 27) S, a-a (vi- SRS
ﬂx¢ i S A)

wln + 221704/2
n

Where the things in parentheses are the plugin formulas for the conditional variances.

4. Show that the asymptotic covariance between \/n(1, — o) and /n(te, — o) is equal to the variance

Of \/ﬁ(wln - ¢0)

E[¢ - ¢o] = 4E[(AY)? — A’E[Y|A = 1]Y — 0.5AYE[Y]|A — 1] + 0.5AE[Y|A = 1]7]
+4E[(1 — A)Y)? — (1 - A)’E[Y]|A =0]Y — 0.5(1 — A)YE[Y|A — 1] +0.5(1 — A)E[Y|A = 0]%]
=4(0.5E[Y?|A=1] — 05E[Y|A = 1]* — 0.25E[Y|A = 1] + 0.25E[Y |4 = 1])
+4 (05E[Y?|A = —] — 0.5E[Y|A = 0]* — 0.25E[Y'|A = 0] + 0.25E[Y'|A = 0])
=2Var(Y|A=1)+2Var(Y|A =0)
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1.7 Efficiency Theory and Efficient Estimators

Example 1.28 (Efficient Estimators Under Moment Restriction (P7 Theory Exam 2021)). Suppose X1, ..., X, ud
Py € M where M is the nonparametric model of each distribution P satisfying Pf2 < oo with support in
(=B, +B) for a fized fo. Suppose we wish to estimate the mean of fo: vo = Py fo.

Consider a multivariate go : R™ — R that is bounded and consider the model containing the collection of
distributions with the moment restriction based on the multivariate function My := {P € M : P™gy = 0}.
The tangent space of My at P is given by

Ty (P) = {h € I3(P) - / h(x)gp(X)dP(z) = 0}

Where gp = P™ 1gq.

(a) Derive form of projection onto tangent space. Consider an arbitrary element s* € L3(P). The
projection I1(s|Ths) onto the tangent space satisfies the following property.

(s = T(s|Thr), agp(X)) = 0

This property ensures that the set of allowable scores s —I1(s|Thr) satisfies the desired moment restric-
tion. Note that the model space is a linear span, so II(s|Thr) is given by

a = argmin||s — agy|[7:(p)
a

— % [P(s*) — 2aP(sgp) +a’P(gp)] =0

. fsgde
- [g%dP

Taken together implying the form of the projection onto the tangent space is

- a

s* = s(z) — a'g,

. fSdePi
—s0) - s,

The last condition we need to check is that s* actually lives in the tangent space. To verify this
gpdP
[ @ar@are = [ (s - L5 ar ) artaiaria)
= /(sgp(a:) —sgp)dP =0

(b) Canonical gradient: Note that 19 has nonparametric influence function ¢(x) = fo(x) — 1o where
wo = E[X]. Using the fact above, we have that the canonical gradient/EIF is obtained by projecting
o(x) onto Thy.

(fo(x) —1bo)gpdP _

(@) = folw) — o — L

[#wap
B B 0
= fo(x) — o — / fo(x)gfpj;;)%p(x)
_ J fo(x)gpdP _
= fo(z) — o — W%(x)

Where the cancellation occurred because [ gpdP =0 in M.
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(c) Efficient One-Step Estimator: an asymptotically efficient estimator in My can be obtained by

(d)

taking the plug-in estimator and adding the empirical mean of the EIF.

0

= P.fo(X,) + Po(fo(X=T(P,)) — P, (Pn;fo((]i(nzfg;)ng)Py_lg())

= Pufo(Xi) - w

Let’s inspect the last term. Recognizing go ts Py-mean-zero, by linearization we have:

Pn(Pan_lgO)

Pl'go = (P7" — Fy")g0
=m(P, — P)gp(z) + op(n~'/?) = mP,gp(x) + op(n~'/?)
P90
m

- PngP:

Substituting in the original expression, we have an

1 Pn(fO(X)gn>
* Pn :Pn XZ _77P'HL
Which is the efficient one-step estimator.
Example: If E[(X — uo)®] = 0, show the sample mean is efficient for the population mean in a

population with known variance.

We know the sample mean P, X has nonparametric influence function of ¢(x) = x — ug. To show it is
efficient in My, we must show that the second term in the EIF derived above is 0. Define go(x1,x2) =
L(x1 — 22) — 02 (known) such that P?gy = 0.

Jn—s) [ [ 31— 22 - 2ap(as)| ap(an

0
N /(xl o) U %((xl — Ho) — (w2 = uo))ZdP(m)} dP(z1)~0” 0dP (1)
0
= %//(131 — o) | (z1 — po)? _W+ (29 — po)? | dP(a1)dP(x2)
0
= % /(561 — p10)2dP(x1) +/ Mpﬂm) (22 — p10)2dP(2)
=0

Where the last step holds because E[(X — 10)3] = 0. Thus, the nonparametric influence function equals
the EIF under this model, so the sample mean is efficient for the population mean.
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Example 1.29 (Gateaux Derivatives and Functional Delta Method (583 Final Problem 2)). Suppose

ud
X, X, ~
parameter

Py with support on 0 < [a,b] < co. We are interested in estimating the harmonic mean

1

Y = )

1. Calculate the Gateauz derivative of the functional.

| [ L+ vy ﬂ_l

=0 de

= / ~dh(u )Uld(Fﬂh)(u)]z
U(Fy)] /dh

2. Show r(F,, — Fy) = op(n=/?) where r(h) is given by

d
—U(F + ¢h
T Y (F +eh)

e=0

e=0

r(h) = U(Fy + h) — U(Fy) — ¥(Fy; h)

We could do this by showing the parameter is Hadamard differentiability of V. But we pursue a more
simple approach. Letting h = F,, — Fy we have

r(Fy — Fo) = U(F,) — W(Fy) — U (Fy; F, — F)
Let’s invoke a Taylor expansion about V(Fy) on the first two terms

U(F,) — U(Fy) ~ U (Fy; F, — Fp)

P e (z) o (- (7))

Notice that since the function 1/X is monotone and bounded, it is in a Donsker class and therefore
I(v/n(P, — Py)(1/X))?|| = Op(1), implying the term above is O(n~") or op(n=Y2). Therefore the
desired result holds

U(F,) — W(Fy) — U(Fy; F — Fy) = op(n™'/?)

3. Now we can apply the functional delta method to prove that U(F,,) is an asymptotically linear function
with influence function

\I’(F(),(S( ) FO FO / X Fo)

) (5 - Bn [;D

4. To develop a 95% asymptotically valid confidence interval for the harmonic mean V(Fy), we create a
confidence interval using the plug-in estimator with a consistent estimator for the variance

Var(¥) := U(F,)™* %Z Xi _ %ZL
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